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The causes of falling in the elderly are multi-factorial.
Three factors that influence balance stability are the
time delay, a sensory dead zone and the maximum
ankle torque that can be generated by muscular
contraction. Here, the effects of these contributions are
evaluated in the context of a model of an inverted
pendulum stabilized by time-delayed proportional–
derivative (PD) feedback. The effect of the sensory
dead zone is to produce a hybrid type of control
in which the PD feedback is switched ON or OFF
depending on whether or not the controlled variable
is larger or smaller than the detection threshold, Π .
It is shown that, as Π increases, the region in the
plane of control parameters where the balance time
(BT) is greater than 60 s is increased slightly. However,
when maximum ankle torque is also limited, there
is a dramatic increase in the parameter region
associated with BTs greater than 60 s. This increase
is due to the effects of a torque limitation on over-
control associated with bang-bang type switching
controllers. These observations show that acting
together influences, which are typically thought to
destabilize balance, can actually stabilize balance.

This article is part of the theme issue ‘Nonlinear
dynamics of delay systems’.

1. Introduction
Falls are associated with a high mortality and morbidity
in the elderly. The rapidly growing elderly population
makes it imperative to develop strategies to prevent falls,
otherwise Western societies will soon be overcome by an
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‘epidemic of falling’. Several studies have demonstrated that elderly patients with a history of
falling have an increased variance in the fluctuations in their centre of pressure (COP) measured
using a force platform during quiet standing [1–4]. Analysis of the properties of these fluctuations
has shown promise of being able to identify subjects who are at increased risk of falling [5,6]. A
variety of explanations have been offered to explain this increased variance, including an increase
in the time delay for corrective movements, an increased sensory dead zone, decreased ankle
muscle torque and changes in body posture. These observations, in turn, have sparked interest
in a variety of therapeutic manoeuvres such as shoes with vibrating insoles to decrease the effect
of an increased sensory dead zone [7] and exercise to strengthen lower leg muscles [8–10]. Issues
related to increasing compliance have been addressed by incorporating exercises into activities
that people like to do such as Tai Chi [11], dancing [12], swimming [13] and golf [14,15]. Despite
all of these efforts, there has been only modest success in reducing the risk of falling in the elderly
(e.g. [9,13]).

The observation that the upright position is intrinsically unstable places constraints on the
nature of mechanisms that maintain balance. Typically, the destabilizing effects of time delays,
sensory dead zone and limitations in ankle muscle torque on postural balance are considered
independently. However, an elderly person probably has issues related to all of these parameters
at the same time. Here, we show that, acting together, it is possible that these destabilizing
factors can actually stabilize balance. This is because, as more conditions are added to the
control law, balancing performance changes as a result of interactions between strong, small-
scale nonlinearities (see also [16] and Case D in [17]). Failure to recognize the possibility that
these factors do not necessarily affect balance in an additive manner is a major confound for
interpreting the results of clinical trials designed to lower the risk of falling in the elderly.

Our discussion is organized as follows. In §2, we briefly review the properties of the
fluctuations in COP during quiet standing and the role of delay differential equations for the
investigation of postural stability. In particular, postural control is examined from the perspective
of the role of time-delayed feedback in the stabilization of an inverted pendulum. In §3, we
introduce a simplified model for standing that includes the effects of time delay, sensory dead
zone and ankle muscle torque limitation. In §4, we show that each of these effects acting on their
own can destabilize the upright position when the feedback is time sampled. However, acting
together, these effects dramatically increase the range of the values of the control gains for which
stability is possible.

2. Background
In a quiet room with eyes closed, the COP oscillations are of the order of 0.5◦ for healthy
individuals with no history of falling. The bandwidth of the fluctuations is 0–3 Hz with a mean
frequency of 0.9–1.3 Hz [18–20].

The complex nature of the fluctuations in COP has attracted a great deal of interest. There
have been three lines of investigation. One possibility is that the fluctuations represent the
dynamics of a stochastic time-delayed dynamical system [21–23]. A second possibility is that
the dynamics represent a sampled feedback control system [24,25]. This possibility is supported
by the experimental observation demonstrating that corrective movements for balance control
are exerted by the nervous system intermittently [18,26]. This observation has also been made for
stick balancing on the fingertip [27] and other human tracking tasks [28]. Possible mechanisms for
generating a sampled data system include: (1) central control mechanisms related to the central
refractory time [18,24]; (2) the presence of a sensory dead zone to produce a switching-type
feedback [22,29]; and (3) a time-delayed dynamical system tuned at the edge of stability [25,27].

A third possibility is based on the observation that fluctuations in COP in either the
anterior–posterior direction or the medial–lateral direction can, at times, appear to contain two
components [30,31]: a ‘slow’ non-oscillatory component and a ‘fast’ oscillatory component. The
‘slow’ component corresponds to an exponential decay back to equilibrium that is perturbed
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Figure 1. Pinned pendulummodel for postural balance during quiet standing with eyes closed. The• indicates the position of
the centre of mass. For definition of symbols, see §3.

stochastically. The ‘fast’ component is related to the time-delayed feedback control involved in
the stabilization of an inverted pendulum. It has been suggested that the ‘slow’ component is
present inside the feedback loop of the ‘fast’ component.

These three possibilities are not mutually exclusive. The common feature of each of them is an
inverted pendulum stabilized by state-dependent and time-delayed feedback [32–37] (figure 1).
The governing equation takes the form

θ̈ (t) − ω2
nθ (t) = f (t), (2.1)

where θ is the vertical displacement angle, ωn is the natural angular frequency of the system
hung upside down and f (t) is the control torque. A great number of possible choices of f have
been considered, including state-dependent control (control depends on the state variables θ , θ̇ ,
θ̈ ) [32–35,37,38], predictor feedback (control depends on an internal model) [25,39,40], intermittent
control [24], ‘act-and-wait’ control [41], noise-aided control [27] and nonlinear control strategies
[16,37] (for a review see [42]).

All time-invariant nonlinear feedback controllers that can be written in the form f (t) =
g(θ (t − τ ), θ̇ (t − τ )) can be reduced to proportional–derivative (PD) feedback after linearization
if the function g is smooth in both of its arguments. Thus, we limit our discussion to delayed PD
types of feedback, namely, the feedback takes the form

f (t) = −kpθ (t − τ ) − kdθ̇ (t − τ ), (2.2)

where kp and kd are the proportional and the derivative control gains and τ is the reaction time
delay.

Figure 1 shows a ‘pinned’ inverted pendulum controlled by time-delayed PD feedback. The
term ‘pinned’ refers to the fact that the position of the pivot point A of the inverted pendulum
is fixed and hence the only possible motions are those confined to the anterior–posterior plane
about the pivot. The fixed point of (2.1) with f (t) = 0 is a saddle. In order to analyse linear stability
when f (t) �= 0, it is useful to note that the period of the small-amplitude oscillations that occur
when the pendulum is hung downwards is Tp = 2π/ωn [38].

We focus on three causes of instability for human balance during quiet standing.

(a) Time delay
The observation that an inverted pendulum can be stabilized by time-delayed feedback draws
attention to the importance of the inter-relationship between τ and ωn. This relationship is
summarized by the stabilizability parameter referred to as the critical delay, τcrit. An inverted
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pendulum with natural angular frequency ωn cannot be stabilized unless τ is less than a critical
delay:

τ ≤ τcrit =
√

2
ωn

= Tp

π
√

2
, (2.3)

i.e. Tp is divided by the two ‘most popular’ irrational numbers, π and
√

2 [38].

(b) Sensory dead zone
Irrespective of the choice of f , the control is ultimately influenced by the limitations of the nervous
system to measure the angular position θ (t) and the angular velocity θ̇ (t). This is because all
sensory receptors have a dead zone, namely a threshold below which changes in input are not
reflected by changes in output [43,44]. Negative feedback controllers are designed to minimize
θ (t). The presence of a finite dead zone means that θ (t) cannot be made arbitrarily small. This is a
serious problem in situations in which the fluctuations to be controlled are of the same order of
magnitude as the detection thresholds of sensory receptors. Indeed, for healthy individuals, the
measured sensory dead zone is ≈20% of the magnitude of the fluctuations in COP (see §3).

The mathematical consequence of the presence of a sensory dead zone is to introduce a
strong, local nonlinearity into the governing equations [45,46]. In particular, the feedback switches
between ON and OFF depending on whether the controlled variable is larger or smaller than a
threshold value. Consequently, (2.1) becomes, for example,

θ̈ (t) − ω2
nθ (t) =

{
0 if |θ (t − τ )| < Π ,

f (t) if |θ (t − τ )| ≥ Π ,
(2.4)

where Π is the sensory threshold. In the engineering literature, such controllers are referred to
as hybrid controllers [47,48]. Hybrid controllers are optimal when the output is bounded [47] and
in the presence of stochastic perturbations minimize the effects of ‘over-control’ [22]. Here, we
consider only the situation in which the switching criterion depends on the delayed value of
the state variable, θ (t − τ ), in order to account for the reaction time delay; the case in which the
switching condition depends on θ (t) in considered in [46]. The effect of feedback quantization is
to generate limit cycle oscillations whose amplitude is a function of Π [17]. Indeed, a stable fixed
point for (2.4) does not exist. When Π is sufficiently small, the amplitude of the oscillations can
be small enough to practically approximate the dynamics of a stable fixed point. If, in addition
to feedback quantization, the control signals are digitally sampled, it is possible that small-scale
chaotic dynamics can arise, which are referred to as microchaos [29,49–52].

(c) Ankle torque saturation
An early hypothesis was that balance during quiet standing was maintained solely by ankle
stiffness [19]. However, it was subsequently shown that, although ankle stiffness is a passive
contributor to balance control during quiet standing, it is not sufficient to control balance without
assistance from active neural feedback [53,54]. Falling of the elderly is often associated with the
saturation of the control torque, i.e. the subjects cannot exert the required amount of torque at
their ankle (see, for example, [8,55]). From a dynamical point of view, control torque saturation
presents strong nonlinearity associated with subcritical bifurcation, which reduces the domain of
attraction of the stabilized fixed point [56].

3. Model
Our model for postural stability during quiet standing takes the form

JAθ̈ (t) − (mg� − Kpass)θ (t) = Q(t), (3.1)
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where JA is the moment of inertia of the body with respect to the normal line via the pivot point
A, m is the mass of the body, g = 9.81 m s−2 is the gravitational acceleration, � is the distance
between the centre of gravity C and the suspension point A, and Kpass indicates the passive
stiffness that is insufficient to resist falling against gravity [53]. Following [16], we set m = 60 kg,
JA = 60 kg m2, � = 1 m and Kpass = 0.8 mg�. In order to account for the effects of control torque
saturation and sensory thresholds for the different sensory inputs on balance control, the control
torque is written in the form

Q(t) =

⎧⎪⎪⎨
⎪⎪⎩

Qmax if Qp(t) + Qd(t) ≥ Qmax,

Qp(t) + Qd(t) if |Qp(t) + Qd(t)| < Qmax,

−Qmax if Qp(t) + Qd(t) ≤ −Qmax,

(3.2)

where Qmax is the maximum exertable control torque and Qp(t) and Qd(t) are the components
of the ankle torque related to the angular position and to the angular velocity. In the case of
time-delayed PD feedback,

Qp(t) =
{

0 if |θ (t − τ )| < Πpos,

−Kpθ (t − τ ) if |θ (t − τ )| ≥ Πpos,
(3.3)

and

Qd(t) =
{

0 if |θ̇ (t − τ )| < Πvel,

−Kdθ̇ (t − τ ) if |θ̇ (t − τ )| ≥ Πvel,
(3.4)

with Kp and Kd being the proportional and the derivative control gains, respectively. Here,
Πpos and Πvel are the sensory dead zones for the body’s angular position and angular velocity,
respectively. The sensory dead zone for the body’s angular position, Πpos, is ≈0.1◦ for healthy
adults with no balance problems. This dead zone has been estimated using small mechanical
ankle displacements [57] and from the two-point correlation function [21,43]. Presumably, dead
zones also exist for the detection of the angular velocity, Πvel; however, these have not yet been
measured. We assume that for healthy adults Πvel = 1 deg s−1. The value of the maximum control
torque is taken to be Qmax = 20 N m [53]. Estimates for reaction delay τ for postural sway are 90–
125 ms for healthy subjects [30,58–60] and these estimates are increased by less than 50% in the
elderly [4,61]. We varied τ from 100 ms to 250 ms. For these parameters, the oscillations in the
postural sway angle are of the order of 0.5◦ as observed experimentally for large ranges of choices
of pairs (Kp, Kd) (see figures below). When Πpos = 0 and Πvel = 0, equation (3.1) with (3.2) and
(3.3)–(3.4) give (2.1) with (2.2), where

ωn =
√

mg� − Kpass

JA
, kp = Kp

JA
and kd = Kd

JA
. (3.5)

In order to take the sampled nature of the negative feedback into account for balance stability,
we integrate (3.1) using the semi-discretization method [52,62] using integration time step
�t = 10 ms. Although �t may be larger due to the effects of a central refractory time [18], we used
10 ms since this time step was used previously for human control of an inverted pendulum using
an internal model [25,40]. This integration procedure also includes a zero-order hold and hence
approximates the observation that the nervous system requires a finite time to plan a movement
and cannot begin planning a new movement until the previous movement is completed [18,28].
Increasing �t increases the microchaotic contribution to the solutions [29].

4. Results
Figure 2 shows the effects of, respectively, increasing τ , increasing Πpos and Πvel, and decreasing
Qmax on postural stability for Kp = 634 N m rad−1 and Kd = 288 N m s rad−1. In all cases, the effect
is to destabilize the upright position.
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Figure 2. Effect of increasing reaction time τ (a), increasing sensory dead zonesΠpos andΠvel (b) and decreasing maximum
control torque Qmax (c). (Online version in colour.)

An alternative way to investigate the effects of these parameters on balance stability is to
estimate the region in the plane (Kp, Kd) where balance can be maintained. We define the balance
time (BT) as the time instant when θ exceeds a limit value θlim, which is the angle where the
centre of mass gets outside of the basin of support of the feet. Assuming a foot length of 28 cm
with � = 1 m, then θlim ≈ 8◦. When θ does not exceed θlim for tmax = 60 s, then the simulations
were terminated and BT was set to 60 s.

The effect of changes in τ , Πpos, Kpass and Qmax were investigated numerically. Series of
numerical simulations were performed via the semi-discretization method [52,62] for a range of
pairs (Kp, Kd). The initial conditions for the simulations were a steady-state tilted position θ = 1◦.
Several other types of initial conditions were also tested and it was found that the effect of the
choice on the initial conditions did not affect the final BT.

The linear stability analysis for (3.1) with time-delayed PD feedback is one of the most
frequently cited examples in dynamics and control theory (see, for example, [62]). For a given τ ,
there is a D-shaped region of linear stability in the plane (Kp, Kd) (see region enclosed by yellow
lines in figures 3 and 4). For choices of (Kp, Kd) within this region, the upright fixed point is stable.
As τ increases, the D-shaped region of stability decreases in size (figure 3).

The effect of the introduction of a sensory dead zone according to (3.3)–(3.4) on the BT is also
shown in figure 3. The region in the plane (Kp, Kd) for which BT > 60 s in the presence of a sensory
dead zone (light blue line) is slightly larger than the linear stability region (yellow line) observed
when Πpos = 0 and Πvel = 0. Thus, the effects of a dead zone are not necessarily destabilizing
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[17,47]. It is of interest to note that control engineers often introduce a dead zone near a desired
equilibrium to save energy as well as to minimize wear and tear on an actuator [63].

The effect of the addition of a limitation on ankle muscle torque according to (3.2) is shown
by the grey scale in figures 3 and 4. There is a large increase in the region in (Kp, Kd) for which
BT > 60 s. In particular, this region is much greater than the region when Πpos = 0 and Πvel = 0
and there is no muscle torque limitation (yellow line). The benefit in control by limiting ankle
muscle torque is an example of the effects of over-control. In time-delayed feedback control, a too
large response by the controller to a given deviation can lead to destabilization [22,47]. Placing
a limit on ankle muscle torque decreases the response triggered by a sensory threshold crossing
and hence improves control. This explains the huge increase of the region of BT > 60 s.

Numerical simulations show that the region of BT > 60 s does not significantly change with the
decrease of Qmax. The effect of the delay τ and the sensory threshold Πpos is more pronounced,
as shown in figures 3 and 4.

Figure 5 compares the time series generated by (3.1) with (3.2) and (3.3)–(3.4) for different
choices of (Kp, Kd) in the presence of a sensory dead zone and a muscle torque limitation. The
saturation of the torque allows larger (Kp, Kd) pairs. For large control gains, this concept leads
to a ‘bang-bang’ control, i.e. the control torque is switching between −Qmax and Qmax, similarly
to the scalar model in [45]. It should be noted that, as the values of (Kp, Kd) approach the lower
stability boundary, the frequency of the oscillations approaches that observed for postural sway,
namely 0.9–1.3 Hz. This region of the plane (Kp, Kd) has also been shown to be more robust against
uncertainties in the parameters of the mechanical model [25,64]. For choices of (Kp, Kd) between
these extremes, complex solutions exist (see, for example, the third row of panels on the right of
figure 5).

5. Discussion
The occurrence of a fall in an elderly person is typically a rare event, say 1–2 falls per year. The
risk factors for a fall are of two types. First, there can be changes in the parameters related to
the stability of the balance control mechanisms. Here, we have emphasized the destabilizing
roles of increases in τ and Πpos and decreases in Qmax. The important advantage of studies of
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COP fluctuations for elderly subjects during quiet standing is that these measurements are non-
invasive and can be made under conditions where the risk of falling is minimal. Abnormalities
in COP do seem to be correlated with increased risk of falling [5,6]. Second, there can be
problems related to the subject’s ability to anticipate and react to sudden and unexpected threats
to balance. For example, a subject’s ability to maintain balance during activities of daily living
can be diminished by the side effects of medications and co-morbidities such as diabetes and
cerebrovascular disease [65,66].

Intuitively one might expect that the more risk factors that a subject has, the greater the number
of falls they experience. However, no such simple relationship is observed. Our investigations
provide insight into the non-intuitive relationship between risk factors and number of falls.
In particular, we identify an important confound, namely, different destabilizing influences for
balance control can interact to stabilize the upright position. In other words, human balance
is controlled by a system that is robust to abnormalities in its component parts. However, the
quest for identifying abnormalities in COP fluctuations is not completely hopeless. Indeed, a wide
range of different dynamical behaviours exists ranging from simple oscillations with a frequency
characteristic of postural sway for healthy individuals to more complex types of rhythms to bang-
bang type solutions. It is possible that not all of these solutions are stable when the properties of
the ageing musculoskeletal system are taken into consideration. Thus it is possible that techniques
that examine, for example, changes in the qualitative nature of postural sway dynamics may be
useful (e.g. [6]).

6. Conclusion
The dynamics of an inverted pendulum stabilized with time-delayed PD feedback change when
a sensory dead zone and a limitation of ankle muscle torque are included. In the absence of
a sensory dead zone and no limitation on ankle torque, there can be a stable fixed point. The
addition of the sensory dead zone replaces the fixed point with a limit cycle. The BT is increased
further by a limitation on muscle torque because this reduces the possibility of over-control. As
the muscle torque is weakened, the control more and more resembles ‘bang-bang’ type feedback.
The combination of a sensory dead zone and a limitation on ankle muscle torque greatly increases
the region in parameter space where the BT is greater than 60 s. Thus, acting together, these
contributions to control are not necessarily destabilizing.
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