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Acceleration helps in skateboarding at high speeds
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Abstract The aim of this study is to investigate the
dynamics of an accelerating skater—board system mod-

eling downhill motion. The governing mathematical model

is a system of time-varying neutral delay-differential
equations. Stability analysis is performed based on the
frozen-time method, and the results are verified via nu-
merical simulations. It is shown that the varying lon-
gitudinal speed may result in loss of stability at high
speeds, which explains the unpredictable falling often
observed at real downhill skateboarding. The positive
effect of large longitudinal acceleration on the stability
is also demonstrated.

Keywords Skateboard - Nonholonomic mechanics -
Human Balancing - Acceleration - Time-varying system

1 Introduction

Investigation of skateboard dynamics started almost 40
years ago with Hubbard’s papers [1,2]. He showed that
the difficulty of skateboarding changes with the speed in
an intricate way. This is due to the complexity of skate-
board models, which have two main features. First, the
dynamics of the skateboards is described by nonholo-
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nomic mechanics, where the kinematic constraints de-
termine the motion. Second, the control algorithm be-
hind the skater balancing mechanism involves a reaction
time delay.

Nonholonomic mechanics are well studied [3] while
the human postural sway during standing still is also ex-
tensively investigated [4-6]. In simple skateboard mod-
els the connection between the skater and the board is
assumed to be rigid the control effort of the skater is
not modeled [7,8]. More sophisticated models involving
the effect of the skater’s actions have also been devel-
oped recently. In [9], a complex balancing model was
considered, while the skater’s reaction time delay was
neglected. In [10], the skaters balancing actions were
modeled by a PD control subjected to a feedback de-
lay.

High speed skateboard maneuvers appear typically
on slopes, where the accelerating motion of the board
may also have an effect on the stability. Therefore this
paper extends the model of [10] by involving the lon-
gitudinal acceleration of the board. Steady-state inves-
tigation of an accelerating board was performed in [8],
but the transients and the human control was not in-
vestigated.

The effect of the speed on stability is also important
in robotic locomotion [11,12] and has strong relevance
in vehicle dynamics [13]. The acceleration here usually
makes the system explicitly time dependent, which re-
quires more sophisticated mathematical methods to an-
alyze stability. Furthermore, in case of an accelerating
motion, the stability properties are of interest only over
a finite-time period as the skateboard either reaches the
desired speed or it stops in case of breaking. Therefore
the traditional stability definitions dealing with asymp-
totic properties at time going to infinity are not appro-
priate here, but rather finite-time stability should be
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Fig. 1 Mechanical model: front view — panel (a), side view
for ¢ =0 and B8 = 0 — panel (b) and upper view — panel (c).

investigated. Usually an equilibrium is called stable in
finite-time sense if the norm of the solution does not ex-
ceed a prescribed value. Many other (sometimes even
stronger) definitions can be found in the literature, see,
e.g., [14,15]. Finite-time stability can alternatively be
checked via numerical simulations with given limits for
some state variables.

The structure of the paper is as follows. Section 2
presents the derivation of the governing equations for
the skater-skateboard model. In Section 3, the linear
stability of the investigated rectilinear motion is ana-
lyzed via the steady-state and the frozen-time methods
and the results are verified by numerical simulations.
Section 4 gives explanations on the dynamic loss of sta-
bility of skateboarding at high speeds, while section 5
concludes the results.

2 Mechanical, control and mathematical model

The mechanical model under analysis is based on [10],
but here a more complex skater-skateboard interaction
is considered, which involves both passive and active
torques.

2.1 Mechanical model

As it is shown in Fig. 1, the model consists two massless
rods, the one between the front (F) and rear (R) points
stands for the board, the other one, between the cen-
ter of mass (CoM) and the ankle joint (S), represents
the skater. For the sake of simplicity, we assume, that
the ankle joint and the center of rotation of the board
around its longitudinal axis are in the same geometri-
cal point, so the two massless rods are connected via a

hinge at point S. The following parameters are used: [
is the half length of the symmetric board, x is the angle
between the pivot axis and the board in the suspension
system, m is the only mass in the system, which stands
for the mass of the skater at CoM, h is the distance
between the CoM and the ankle joint S, b describes
the longitudinal position of the skater on the board, k
models the torsional stiffness of the board’s suspension
system and g denotes the gravitational acceleration.

We assume that the board’s wheels are in contact
with the ground and distance h between the CoM and
the ankle joint S is fixed. Thus, the system can be de-
scribed by five generalized coordinates, which are cho-
sen as follows: x and y describe the position of the board
(point S), ¥ denotes the direction of the board, while ¢
and [ are the absolute body and board angles around
the longitudinal axis of the board respectively.

Due to the skateboards’ special suspension system,
the axes of the wheels rotates by the steering angle dg
as the skater tilts the board by the angle 5. According
to [1], the connection between the steering angle and
the orientation of the board is

sin ftan k = tan ds. (1)

Since perfect rolling is assumed between the wheels and
the ground, the directions of the velocities of points F
and R are determined uniquely by ds and the general-
ized coordinates, which implies the kinematic constrain-
ing equations

(cosysin S cot kK — sinv) &

+ (sinesin Becot k +cosy)y+ (1 —b)yp =0, (2)
(cospsin B cot k + sin) &

+ (sinesin Beot k — cosp) g+ (I +b)p=0.  (3)

In this model, we assume that, the skateboard moves

on the horizontal ground and the effect of the slope

is taken into account as a third kinematic constraint,
which prescribes the longitudinal speed of the board:

Zcosy) 4+ yeosy) = v(t) := at + vg (4)

where v is the initial speed and a is the uniform accel-
eration caused by the slope.

2.2 Balancing mechanism

The human balancing effort to maintain upright posi-
tion is modeled via a corrective ankle torque applied at
point S between the skater body (S—-CoM rod) and the
board (F-R rod). This torque can be decomposed into
a passive and an active component as

My(t) := k (p(t) — (1) +po(t —7) +dp(t —7) , (5)
=Mactive

=Mpassive
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where the muscle stiffness k belongs to the passive torque
related to muscle stretching [16], and the active compo-

nent is modeled as a delayed PD feedback with control

gains p and d and reaction delay 7.

2.3 Mathematical model

As the free motion is obstructed by kinematic con-
straints, the equations of motion can be given using the
Kane equations [17], the Gibbs-Appell equations [18] or
the extension of the Lagrange-d’Alembert equations [3].
Here, the second one, the Appellian approach is used,
which provides the equations of motion in the form

o5(1) _

where the acceleration energy S differentiated with re-
spect to the pseudo accelerations &; equals with the
pseudo force I5.

One can chose two pseudo velocities describing the
generalized velocities uniquely together with the three
kinematic constraints given by Egs. (2), (3) and (4).
Based on [10], we use the pseudo velocities

o1(t) == ¢(t) and oa(t) = B(t), (7)

the angular speed of the skater and the board around
the longitudinal axis of the board, respectively. The
generalized velocities are

@ v(t) (cos ¥ + ¥ tan k sin Bsin 1))
y v(t) (siny — % tan ksin B cos 1))
Y| = —# tan s sin 3 . (8)
® 71
B P
The acceleration energy of the material point C is
Lo
S(t) = §ma’CoM (t) ) (9)

which gives

3 V(t) . V()
5= ((@(t) cos (B(t)) + v S (5(t))> B o

cos (¢(t))

+ (1 — Hsin (p(t)) sin (8(t))) HV?(¢) sin (B(¢)) cos (so(t))>
(10)

1
X wier (t) + 5{yf(t) +.,

where the dots refer to the terms of the expression,
which do not contain pseudo accelerations and have
therefore no relevance later. To make the expressions
to be more compact, we use the angular frequency

Wwh = g
h’

(11)

furthermore, we introduce the dimensionless skater po-
sition, the dimensionless skater height and the dimen-
sionless velocity as:

btan k htank v(t)
B= O H= V() = : 12
respectively.

The pseudo force can be derived from the virtual
power of the active forces:

0P =G - 0voom + My, - dwg + (7Mh) < dwp + Mkt - dwp
=I1601 + [2605, (13)

where the velocity of the center of mass (CoM) is

VCoM = ; (14)

—o1hsing

the angular velocities of the skater and the board are

T
wsZ{Ulcosq/) o1 8in 4 f@tan/{sinﬂ] and

T
wp = [02 cos ogsiny 71%5) tanﬁsinﬂ} , (15)
respectively, the torque vector produced by the skater

1S
My, = [~Mycostp —Mysingy 0]", (16)

the torque originated from the spring in the suspension
system is

My, = [—kypcosty —kypsing O]T (17)
and the gravitational force is
G=1[00 —mg]" (18)

Finally, the governing equations of the system can
be given as

o) _ K
Wh K-1
—Kun (B(t) — ¢(1))) — BB(t) (Awnt + Vo) cos(B(t)) cos(i(1))
+ Hwp, (Awnt + Vo)? sin(B(t)) cos(¢(t))
X (H sin((8)) sin((t)) — 1)
+ wn sin(p(8)) — Bsin(8(1)) cos(p()) Awn,
o) = o(t). (19)
? = Huwy, cot k(Awpt + Vp)(cos(y(t) + Bsin(B(¢)) sin(¢(t)))),
y(t)
l

(2K —1) (Do(t — 1) + Punep(t — 7))

8

=~ = Huwy, cot k(Awyt + Vo) (sin(¢(¢)) — Bsin(B(¢)) cos(y(t))) ,
Y(t) = —Hwn (Awnt + Vo) sin(B(¢)) ,

B = Gy + Pelt =)+ 2ol =),
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where the new parameters related to the human con-
trol and the speed are the dimensionless proportional
and differential gains, the dimensionless suspension and
muscle stiffnesses, the dimensionless initial speed and
the dimensionless longitudinal acceleration:

P d |g ky k
p=2 p=—1\]2 K =—" K=
ke kV R ' mgh’ k+ ke
Vo a
Vo= —, A=—, 20
* T Voh g (20)

respectively. Here we used the notation ¢ = o7 and
used f for o, for the sake of brevity.

Note that, the governing equations of the position
(z, y) and the direction (¢) of the board are not impor-
tant from stability point of view, since only the body
angle of the skater is controlled. Moreover, an algebraic
equation arises for the deflection angle of the board (/)
due to its neglected mass moment of inertia resulting
in a second order explicit time-dependent neutrally de-
layed system after the substitution of 3.

3 Linear stability analysis

The linearized equation of motion of the skater balanc-
ing around the trivial solution (rectilinear motion) with
respect to small perturbations in o and ¢ is

X(t) = A()X(t) +B(t)X(t — 1)+ C()X(t —7), (21)

where
_len(®)0 o)
C(t) = [ 0 0] and X(t) = Lo(t) , (22)
with the following coefficients:
. BKwh(Awht + VO)
an(t) = 12K
wp 2

alg(t) = 72K 1 (HK(A(A)ht + V())

+ K(Ky+AB—-2)+1), (23)
b11(t) = —Wh (DH(Awht + V0)2 + BP(Awht + VO)

+ DKy — BDA) ,

bia(t) = —Pwi (H(Awnt + Vp)? + Ky + BA) |
C11(t) = —BD(Awht + ‘/0) .
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Fig. 2 Stability diagrams for different constant speeds. The
intersection of the individual stable regions gives the region
of frozen-time stability.

3.1 Steady-state stability
The stability of the system with constant speed (i.e.

A =0 and V(t) = V}) is studied based on the charac-
teristic function

Dc(N) = (BDe—”VO + 1) A2 4 (e—”D (Ke+HVG) Vo

BKV;
+Pe B+ 0 ) Awy, + (Pe*” (HV§ + Kt)
2K — 1
K(Ki—2)+HKVZ2+1
DB ), (24)
2K —1

where A is the complex characteristic exponent.

In Fig. 2, typical stability charts in the parameter
space of the dimensionless control gains P and D are
plotted for several longitudinal speeds. Grey shading in-
dicates the stable parameter regions and the numbers
denote the number of unstable roots (with positive real
parts) of the characteristic equation D(A) = 0. The sta-
bility charts were also computed numerically using the
semidiscretization method [19] with the following realis-
tic parameters: h = 0.85 m, m = 75 kg, g = 9.81 m/s?,
[ = 0.3937 m, k = 63°, ky = 100 Nm, b = 0.1 m,
7 = 0.3 s. According to [20], the passive stiffness of
the skater’s ankle is set to 90% of the critical stiffness

This is an explicitly time dependent neutral delay-differentialhat would just keep the human body in the vertical

equation. In what follows, first, we are going to present
a steady-state stability analysis. Then, we investigate
the roots of the characteristic equation of the frozen-
time system, which will be validated via numerical sim-
ulations.

position while standing on the steady ground, namely,
k = 0.9mgh = 562.85 Nm/rad .

Since the system under analysis is governed by a
neutral delay-differential equation, there are parameter
regions with infinitely many unstable roots. According
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o [21], this infinitely unstable region is given by

1
|D| > BV (25)
which occurs when the coefficient BDVj in the first
term of Eq. (24) in absolute is larger than 1.

One can see, that the higher the speed, the smaller
the stable region, and it disappears at infinitely large
longitudinal speed. At low speeds, the investigated equi-
librium, i.e. the rectilinear motion, can loose its stability
either through a saddle-node or through a Hopf bifur-
cation. In case of saddle-node bifurcation, a single real
characteristic exponent is crossing the imaginary axis of
the complex plane, which implies a static loss of stabil-
ity (simple falling). In case of Hopf bifurcation, a pair of
complex conjugate characteristic exponents crosses the
imaginary axis resulting in a dynamic loss of stability
(oscillatory solution). At high speeds the stable region
is bounded only by Hopf bifurcation.

3.2 Frozen-time stability analyzes

During the frozen-time stability method, the time de-
pendence of the coefficients are fixed over the interval
t € [to,t1] with the frozen time t. Since the only time
dependent coefficient in (21) is the longitudinal speed
V(t) = Vo + Awpt, this approach is equivalent to replac-
ing the time varying speed V (t) by a fixed one V, called
frozen speed. The goal is to investigate a uniform accel-
erating maneuver between speeds Vj and V7, therefore
we choose tg = 0 and

Vi-W
t = . 26
= (26)
Thus the frozen speed is
‘7 = Awthr V() . (27)

The roots of the corresponding characteristic equation

BKV

Dc(N) := (BDe—”V + 1) A2+ <2K —+ BPe AV

+ De (AB + K + H\72> ) Awh (28)

N K(AB+ K; —2)+ HKV? 41
2K — 1

+ P (AB + HV? +K>) w2 =0

are analyzed as a steady-state system for different lon-
gitudinal speeds V. Note that the characteristic equa-
tion (28) is not equivalent to equation (24), since the
acceleration A does not show up in (24).

We focus on the difficulties of skateboarding at high
speeds, hence vy is set to 5 km/h (V; = 0.481) and

upper limit is the word speed record in standing posi-
tion, v; = 130.63 km/h (V3 = 12.513). This speed was
achieved by a Swedish skater in 2016 at Les Eboulements
(Quebec, Canada) with maximum 18% grade [22], so
the corresponding maximal acceleration and maximal
dimensionless acceleration are

grade
amax = 972
v/ 1+ grade

and Apax = 0.177153, respectively.

In this study, this maximal acceleration is used (A =
Amax), and those dimensionless control gain pairs (P —
D) are declared as stable, where the characteristic equa-
tion of the corresponding frozen-time system has only
roots with negative real parts for each V € Vo, V1] ac-
cordingly for each £ € [tg, t;]. For the computations, the
longitudinal speed (V) was fixed at 100 uniformly dis-
tributed values between Vj and V;. Those pairs (P, D),
which were stable for all the 100 cases, were indicated
with dark grey shading in Fig. 3.(a). Similarly to the
steady-state case, stability of the frozen-time system
was determined by the semi-discretization method [19].

It is important to mention that if the initial speed
is set to vg = Vp = 0, then there is no frozen-time
stable region in the parameter plane (P, D). Namely,
the stable parameter region for zero speed has no in-
tersection with the stable region for 5 km/h or larger
speeds. This points out the positive effect of the speed
on the stability as it was already shown by Hubbard in
[1] and also highlights the differences between standing
still and skateboarding. In [10], it was shown that this
positive effect is valid only up to a critical speed due to
the reaction delay of the skater. Therefore, riding the
skateboard becomes more difficult at higher speeds.

= 1.73787 m/s” (29)

3.3 Stability analyzes based on numerical simulations

The frozen-time method gives only an approximation
of the stability of the actual explicitly time-dependent
system. Therefore the stability of the system is also de-
termined by numerical simulations. We solve the non-
linear system numerically for different control gains in
the time domain ¢ € [tg,¢1] with the initial condition
p(t) =0 for t € [-7,0], $(t) = o(t) =0 for ¢t € [—7,0)
and ¢(0) = ¢(0) = 0.01. A control gain pair is declared
to be finite-time stable (or practically stable) if the cor-
responding time history of the absolute body angle is
less than 10°, namely

lo(t)] < 10° =0.087rad for t e [0,1]. (30)

The regions associated with finite-time stability are in-
dicated by light grey shading in Fig. 3.(a).
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Fig. 3 (a) Stability diagram. Light grey shading indicates
finite-time (practical) stability, dark grey shading indicates
frozen-time stability. (b) Time histories for different parame-
ter points.

In Fig. 3.(a), one can see that the frozen-time ap-
proach gives a conservative estimate of the practical
stable region obtained by numerical simulations. Cases,
where oscillations increases for a short period, are de-

clared to be unstable according to the frozen-time method,

although these oscillations decays after a while and the
body angle ¢ never exceeds the threshold 10° (see time
histories 1, 2 and 3 in Fig. 3b). These solutions are
therefore still finite-time stable.

4 Explanations of loss of stability

There are several reasons why skateboarding is more
difficult at high speeds. The steady-state analysis has
shown, that the higher the speed, the smaller the stable
domain, thus, proper tuning of the control gains is more
crucial. The investigation of the continuously changing
speed has shown unsafe speed zones, which explains the
rarely and randomly occurring dynamic loss of stability.

4.1 Existence of unsafe speed zones

Time histories in Fig. 3.(b) shows some time domains
where the amplitude of the body angle increases. This
phenomenon is more prominent in case of time histo-
ries 6, 7, but can be observed in cases 3 and 4, too.
Clearly, temporary increase of the amplitude cannot
be observed in the frozen-time stable region (dark grey
shading).

In Fig. 4, time histories are plotted for 3 different
initial speed, where the control gains are taken from
the positive quadrant of the finite-time stable region
(light grey shading in Fig. 3a, parameter set 3; P = 0.6
and D = 0.01). Here we assume that the skater prefers
to act against the perceived direction of the body an-
gle or the angular speed, which implies that the corre-
sponding control gains P and D are positive. Different
initial speeds corresponds to perturbations at different
board speeds. The speeds where the system was per-
turbed are the following: panel (a) shows the original
case vg = 5 km/h; panel (b) present the time history
for v9 = 14 km/h; and finally panel (¢) shows what
happens if the perturbation occurs at vg = 28.6 km/h.
The unsafe speed zone can be seen clearly in panel (b).
If the simulation is started with the same perturbation
but at a higher speed, then the body angle exceed the
threshold 10° and the skater falls, as it is shown in panel
(c).

The location of these unsafe speed zones strongly de-
pends on the control gains (as illustrated by Fig. 3.(b)),
on the time delay and obviously on the slope, too. There-
fore, the skater’s actual conditions (e.g. how tired, how
concentrated), and the slope determines the location
and the size of these unstable speed zones. This explains
the seemingly ”unpredictable” nature of high speed loss
of stability on skateboards: if the skater gets perturba-
tion in this zone, then falling occurs otherwise the skater
just run through this domain.

4.2 Effect of acceleration

The magnitude of the acceleration has a major effect
on the stable regions, as it is shown by Fig. 5. In panel
(a), the stable region is plotted for different board accel-
erations between —amax and amax. Panel (b) was con-
structed such that the frozen-time stability analysis was
performed 100 times for different accelerations, and the
area of the stable region was determined for each ac-
celeration. In panel (b), the relative area of the stable
region is plotted versus the acceleration. Obviously, the
case a = 0 m/s? has no physical meaning in this anal-
ysis, but the limit a — 0 exists.
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Fig. 5 (a) Stability diagrams for different board accelera-
tions. (b) Relative area of the stable region for different ac-
celerations.

4.3 Effect of reaction time

The effect of the skater’s reaction time is analyzed sim-
ilarly to the analysis of the effect of the acceleration,
namely, the frozen-time analysis is performed for 100
different reaction times ranging between 0.01 and 0.7
seconds. The results are shown in Fig. 6. In panel (a),
stable regions are plotted for five different values of 7.
Panel (b) shows the area of the stable region relative
to the case 7 = 0.3 s versus the reaction time. One
can see, that the higher the reaction time of the skater,
the more difficult the stabilization of the skateboard.
This observation is similar to the results of [10], where
no acceleration was taken into account. Note that the
structure of the characteristic equation (28) is similar
to that of the characteristic equation of [10]. Conse-
quently, there exists a critical reaction time delay, and
the rectilinear motion cannot be stabilized for reaction
delays larger than a critical delay.

5 Conclusions

A reasonably simplified model was constructed to in-
vestigate the effect of acceleration on the linear sta-
bility of human balanced skateboards. The mechanical
model consist of only one lumped mass and two mass-

Fig. 6 (a) Stability diagrams for different reaction delays. (b)
Relative area of the stable region for different reflex delays.

less rods, while the human balancing effort is taken into
account with a delayed PD controller mimicking the ac-
tive torque and a spring modeling the passive stiffness
of the ankle.

Based on steady-state analysis, the effect of the lon-
gitudinal speed was analyzed using the semidiscretiza-
tion method. The known result of [10,23] was confirmed,
namely, higher board speed results smaller stable region
(hence less number of proper control gains), which ex-
aggerates the importance of uncertainties due to the
reaction delay of the skater.

The effect of acceleration was investigated using the
conventional frozen-time method. Those control gain
pairs were declared stable where the trivial equilibrium
of corresponding neutral delay-differential equation sys-
tem is stable for all investigated speeds between 5 and
130 km/h with a prescribed acceleration. The compu-
tation was performed with realistic system parameters,
the maximal speed and acceleration were determined
based on the actual word speed record achieved on
skateboards in standing position. We showed via numer-
ical studies that the higher the acceleration the easier
the stabilization of the skateboards. Similarly the ef-
fect of the skater’s reaction delay was analyzed, which
confirmed that skateboarding is challenging with larger
reaction delay, e.g., when the skater is tired.
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The frozen-time analysis, which is based on the su-
perposition of a series of steady-state systems, was veri-
fied via numerical simulations of the actual time-varying
system. It was shown that the frozen-time method gives
a conservative estimation of stability. Note that, the re-
sult of stability analysis based on numerical simulations
is not unique, namely, it depends on the selected ini-
tial functions and the limit on the absolute body angle
(10° in this study). The numerical simulations shown in
Section 3.3 confirmed that there exist ”unstable speed
zones” | where temporarily increasing oscillations arise.
This explains the seemingly ”unpredictable” loss of sta-
bility, which is often observed in high speed skateboard-
ing. Perturbations of the skater in these (strongly pa-
rameter sensitive) unstable speed zones in most cases
results in a falling.
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